This paper investigates the numerical solution of two-dimensional nonlinear stochastic Itô-Volterra integral equations based on block pulse functions. The nonlinear stochastic integral equation is transformed into a set of algebraic equations by operational matrix of block pulse functions. Then, we give error analysis and prove that the rate of convergence of this method is efficient. Lastly, a numerical example is given to confirm the method.
Introduction
Two-dimensional stochastic Itô-Volterra integral equations arise from many phenomena in physics and engineering fields [1] . Some different orthogonal basis functions, polynomials and wavelets are used to approximate the solution of two-dimensional Volterra integral equations. For example, block pulse functions, triangular functions, modification of hat functions, Legender polynomials and Haar wavelet and the like (see [2] [3] [4] [5] [6] ).
Especially, Fallahpour et al. [3] introduced the following two-dimensional linear stochastic Volterra integral equation by Haar wavelet ( ) ( ) ( 
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where ( ) tions to algebra equations by Haar wavelet and gave the numerical solutions to the equations. Similarly, Fallahpour et al. [7] obtained a numerical method for two-dimensional linear stochastic Volterra integral equations by block pulse functions.
For nonlinear determinate Volterra integral equations, Maleknejad et al. [8] and Nemati et al. [6] used two-dimensional block pulse functions and Legendre polynomials to solve those respectively. Both Babolian et al. [2] and Maleknejad et al. [9] employed triangular functions to get the numerical solutions. Mirzaee et al. [5] [10] applied modified two-dimensional block pulse functions to approximate the following determinate equation 
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where nonlinear term ( ) 
where ( )
is unknown function and is called the solution of the Equation
is known determinate function.
( ) In Section 2, we recall the definition and properties of block pulse function. In Section 3 and 4, we show the integration operational matrix about two-dimensional block pulse functions. In Section 5, an efficient numerical method to nonlinear stochastic Itô-Volterra integral equation is obtained. In Section 6, the error and the rate of convergence of this method are given. It's important to emphasize that the error is analyzed by Gronwall's inequality and the interchangeability of integral and expectation. However, the norm was used in the literature [11] , it is a pity that the interchangeability of norm and integral wasn't proved. In Section Similar to the one-dimensional case [12] . There are some elementary properties for 2D-BPFs as follows: 1) Disjointness:
where , 1, 2, , The set of 2D-BPFs may be written as a vector ( ) 
From the above representation and disjointness property, it follows that: ( )
where the block pulse coefficients
are obtained as
Similarly, a function of four variables ( ) , ,
and two-dimensional block pulse coefficients
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The more details can also reference to [7] . 
Operational Matrix of Integration
where
, P is the ( ) ( ) 
For details, see [7] , so ( ) ( ) ( ) 
Stochastic Integration Operational Matrix
Similarly, we obtain the stochastic integration of the vector ( )
For details, see [7] . Therefore, 
Numerical Method
In this section, we first provide a useful result for solving two-dimensional nonlinear stochastic Itô-Volterra integral Equation (3). 
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by (15) and (18), we have ( ) 
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Proof. Similar to [15] [16] . The proof is completed. □
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Numerical Examples
In the last section, we give a numerical example which illustrates the feasibility of the above method. The approximation solutions and mean solutions of the equations are shown in Figures 1-4 From these figures, we find the general trends of the solutions are similar for different m, and the absolute error of mean solution is very small. This method is efficient and the accuracy is credible.
Conclusion
For some stochastic Volterra integral equations, exact solutions cannot be expressed. But, the numerical solution can be conveniently obtained based on different stochastic numerical methods. As the complexity of the system, we use BPFs as the basis function to solve the two-dimensional nonlinear stochastic Volterra integral equation. This numerical method is simple and effective. In the Advances in Pure Mathematics future, we will try to extend it to n-dimensional space and solve more problems.
